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Abstract. We shall give a uniform expression and a uniform calculation for the b- 
functions of prehomogeneous vector spaces of commutative parabolic type, which were 
previously calculated by case-by-case analysis. Our method is a generalization of Kashi- 
wara's approach using the universal Verma modules. We shall also give a new proof for 
the criterion of the irreducibility of the generalized Verma module in terms of 6-functions 
due to Suga §, Gyoja §J, Wachi fl). 

Introduction 

In this paper we deal with the 6-functions of the invariants on the flag manifolds G/P. In 
the case where P is a Borel subgroup, Kashiwara [|j determined the 6-functions by using the 
universal Verma modules. Our method is a generalization of Kashiwara's approach. 

Let q be a simple Lie algebra over the complex number field C, and let G be a connected 
simply-connected simple algebraic group with Lie algebra q. Fix a parabolic subalgebra p of 
g. We denote the reductive part of p and the nilpotent part of p by 1 and n respectively. Let L 
be the subgroup of G corresponding to [. Let R be the symmetric algebra of the commutative 
Lie algebra p/[p,p]. For a Lie algebra a we set Ur(o) = R ®c U(a) where U(a) denotes the 
enveloping algebra of a. The canonical map p — > R induces a one-dimensional C//j(p)-module 
R c . Let Cfj, be the one-dimensional p-module with weight [a. Set -R c +^ = R c ®c C /t . Then 
Rc+ll is a one-dimensional [/^(p)-module. 

For a character p, of p we regard u as a weight of g, and let V(u) be the irreducible 
0-module with highest weight p. We assume that the weight p of q is dominant integral. We 
define a t/ij(g)-module homomorphism 

t ■ Ur(q) ®u R (p) Rc+v -> U R (fi) ®U R (p) (Rc ®C V(u)) 

by t(l (g) 1) = 1 (8) 1 <8> v^, where is the highest weight vector of V(fi). For a ?7^(g)-module 
homomorphism ip from Ur(q) ®u R (p) (Rc ®C V(fi)) to Ur(q) ®e/ h ( p ) R c +^ the composite ipL 
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is the multiplication on Ur(q) ®u R (p) Rc+fj, by an element £ of R: 

Ur(q) ®u R (p) Rc+h = U r (q) ®u R (p) Rc+v 
(0.1) 'I | §id 

Ur(b) ®U R (p) (Rc ®C V(ji)) ► Ur(q) ®U R (p) Rc+ll- 

1p 

The set consisting of all £ € R induced by homomorphisms from Ur{q)® Ur ^ (R c (&cV '(//)) 
to Ur(q) ®u R (p) Rc+fi as above is an ideal of R. We can construct a particular element ip^ £ 
Hom c/fl ( 0) (Ur(q) ®u R {p) (Rc ®C ^(/i)), *7r(0) ^lTrCp) ^c+^) by considering the irreducible de- 
composition of V{p) as a p-module (see Section ^ below), however, the corresponding £^ € H M 
is not a generator of in general. Note that Kashiwara [Q] gave the generator of when 
P is a Borel subgroup. 

Let ip G Hom [/j?(g )(f7 i? (g) ®u B (p) i R c ®c ^0")), ^7r(a) ®u R {p) R c+») and let £ G be the 
corresponding element. Then as in Kashiwara @ we can define a differential operator P(V0 
on G satisfying 

P(4>)f X+l1 = £(A)/ A 

for any character A of p which can be regarded as a dominant integral weight of q. Here, f x 
denotes the invariant on G corresponding to A (see Section || below) and £ is regarded as a 
function on Hom(p,C). 

In the rest of Introduction we assume that the nilpotent radical n of p is commutative. 
Then the pair (L, n) is a prehomogeneous vector space via the adjoint action of L. In this 
case there exists exactly one simple root ao such that the root space Q ao is in n. We denote 
the fundamental weight corresponding to ao by wq. 

We define an element £o € R by 

£°( A ) = E[ ((X + p + vu ,X + p + xu ) - (\ + p + r],\ + p + rj)) (A G Czuq), 

V eWt(m )\{m } 

where Wt{wo) is the set of the highest weights of irreducible l-submodules of V(wq), and p 
is the half sum of positive roots of q. 

Theorem 0.1. We have £0 = im , an d the ideal H roo of R is generated by £o- 
We denote by ipo the homomorphism satisfying i/jql = £oid. 

Let n~ be the nilpotent part of the parabolic subalgebra of g opposite to p. We can define 
a constant coefficient differential operator P'(ipo) on ~ exp(n~) by 

( J P(^0)/)|c xp (n-)= J P , (V'0)(/|exp(n-))- 

Theorem 0.2. If the prehomogeneous vector space (L, n) is regular, then P 1 (ipo) corresponds 
to the unique irreducible relative invariant of (L,n), and b(s) = ^(szuq) is its b-function. 
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Moreover, using the commutative diagram (^^) for £o and Vo we gi ye a new proof of 
the following criterion of the irreducibility of the generalized Verma module due to Suga j|] , 
Gyoja U, Wachi |T|: 

U(q) ®[/(p) Csootq is irreducible £o((so — m)wo) ^ for any positive integer m. 

The author expresses the gratitude to Professor T. Tanisaki for his valuable advice. 

1 Prehomogeneous Vector Spaces 

In this section we recall some basic facts on prehomogeneous vector spaces (see Sato and 
Kimura 0|). 

Definition 1.1. (i) For a connected algebraic group G over the complex number field C 
and a finite dimensional G-module V , the pair (G, V) is called a prehomogeneous vector 
space if there exists a Zariski open orbit in V . 

(ii) We denote the ring of polynomial functions on V by C[V]. A nonzero element f G C[V] 
is called a relative invariant of a prehomogeneous vector space (G, V) if there exists a 
character x of G such that f(gv) = x(9)f( v ) f or an U 9 £ G and v G V. 

(hi) A prehomogeneous vector space is called regular if there exists a relative invariant f 
such that the Hessian Hf = det(<9 2 / /dxidxj) is not identically zero, where {xj} is a 
coordinate system of V . 

We call algebraically independent relative invariants /i , /2 , • • • ,fi basic relative invariants 
if for any relative invariant / there exist c £ C and mi € Z such that / = c/™ 1 • • • f™ 1 . 

Assume that (G, V) is a prehomogeneous vector space such that G is reductive. Then 
the dual space V* of V is also a prehomogeneous vector space by (gv*,v) = {v*, g~ l v), where 
( , ) is the natural pairing of V* and V. If / G C[V] is a relative invariant of (G,V) with 
character \-> then there exists a relative invariant /* of (G, V*) with character \ ■ F° r 
h G C[V*] we define a constant coefficient differential operator h{9) by 

h(d) exp{v* ,v) = h(v*) exp(i> *v ), 

where v (zV and v* G V*. Then there exists a polynomial b(s) G C[s] such that 

r(d)f s+1 = b( S )f s . 

This polynomial is called the 6- function of /. It is known that deg& = deg/ (see ||). 

2 Generalized Universal Verma Modules 

Let q be a simple Lie algebra over C with Cartan subalgebra (). Let A C h* be the root 
system and W C GL(fj) the Weyl group. For a G A we denote the corresponding root space 
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by 0q- We denote the set of positive roots by A + and the set of simple roots by {aj}j g / , 
where Iq is an index set. Let p be the half sum of positive roots of g. We set 

n ± = fl± Q , b ± = f)0n ± . 

a€A+ 

For i G I let hi G f) be the simple coroot and Wi G f)* the fundamental weight corresponding 
to i. We denote the longest element of W by wq. Let ( , ) be the W^-invariant nondegenerate 
symmetric bilinear form on f)* . We denote the irreducible n-module with highest weight 
p G Ylieio ^>o w i W V(p) and its highest weight vector by v^. For a Lie algebra o we denote 
the enveloping algebra of a by 17(a). 
For a subset / C Iq we set 

A / = An^z« il i/ = fje(0 0a ), 

n /= fl±a» pj = lj0n± 

aGA+\Aj 

i€/ i€/oV 

Let W/ be the subgroup of W generated by the simple reflections corresponding to i G /. We 
denote the longest element of Wj by u;/. Let f)J , be the set of dominant integral weights in 
For p G f)} we define a one-dimensional [/(p^)-module Cj i(U by 

= C/(p+) /(£/(p+)n+ + E U(p+)(h - p(h)) + C/(p|)(n- n [,)). 

We denote the canonical generator of Cj i(ti by 1 M . Set Mj(p) = J7(a) ( X)^( p +) C/ i(ti . We denote 

the irreducible p^~-module with highest weight p G Yli^i'^'>o w i + J2j^i^ w j by VF(/x). 

Let G be a connected simply-connected simple algebraic group with Lie algebra q. We 
denote the subgroups of G corresponding to f), b ± , [/, by T, B^,Li, TV^ respectively. 

Let i?/ be the symmetric algebra of and define a linear map c : f) — > i?/ as the 
composite of the natural projection from f) to f)/ and the natural injection from t)j to i?/. 
Set Ur^o) = Ri <8>c ?7(a) for a Lie algebra o. 

We set for pet)} 

Ri,c+» = U Rl (pj)/(U Rl (pj)n + + £ E/ flj (p?)(/» - c(h) - mW) + ^(P|)(n- D [/)). 
We denote the canonical generator of Ri )C +n by l c +/i- 

Definition 2.1. For p & t)j we call M Rl (c + p) = Urj{q) ® Ur Ri, c +n a generalized 
universal Verma module. 
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Note that M^ (c) is the universal Verma module in Kashiwara For A G t)J we regard 
C as an i?/-module by c{hi)\ = \{hi). Then we have 

C® Rl M Rl {c + p) =M I (X + f i). 

The next lemma is obvious. 

Lemma 2.2. End^ {s) (M fi/ (c + p)) = 

For /i € f)J we define a (£()-module homomorphism 

^ : M Kj (c + p) — ► U Rl {g) ®u Bi(p +) (Ri,c ®c V{p)) 

by ^(1 <2> l c +/i) = 1 ® l c ® v^. We denote by the ideal of Ri consisting of £ such that 
there exists a homomorphism tp G Hom^ ( ) (£7^ (g) (8^ ^ p +^ (Ri, c <X>c V r (/i)),MR / (c+ m)) 
satisfying = £ id. Let us give a particular element £ M of S M for /x G f)| ,. 

Lemma 2.3. For pi,p 2 G ^ ie/ Z>o-n7j + ^j^i"^ ZI7 j we define a function p^^ on ()} by 

Pm^W = (A + p + /ii,A + p + /ii) - (A + p + /^ 2 , A + p + /i 2 ), 

which is regarded as an element of Rj . Then we have 

Pnuna Ext u Rl ( s )( u Ri(d) ®u Rl (p+) ( R i,c ®c w (^i))> U Rl (g) ®u Rl (p+) ( R I,c ®C W(fl 2 ))) 

= 0. 

PROOF. The action of the Casimir element of U(g) on U Rl (g) ®u R ( p +) {Ri,c ®c W{p)) is 
given by the multiplication by p^ G Ri, where p^(A) = (A + p + p, A + p + p) — (p, p) for 
A G i)}. Using this action, we can easily check that p^i,^ = Pm ~ Pp.2 * s an annihilator. □ 

Lemma 2.4. For any p G fj| , t/iere exisi pf -submodules Fi, F 2: ■ ■ ■ ,F r of V(p) and weights 
rji, rj2, ■ ■ ■ , T)r-l £ Sie/ '^ J >o w i + J2iei Q \i satisfying the following conditions: 

(i) Cv tl = F 1 CF 2 <Z-..CF r = V(p). 

(ii) Fi + i/Fi ~ W(7fc)® * for some positive integer JVj. 
(hi) r/i 7^ 77j /or j ^ j. 

Proof. For a non-negative integer m we set 

P(m) = {A G Fj* | /i — A = rrajOj and = m} and = F(j«)a ; 

■te/ tgJ xeP(m) 

where V(p)\ is the weight space of V(p) with weight A. Then V m is an [/-module, and we 
have the irreducible decomposition 

V m = W(r, myl )® N ^ • • • W( Vm> tJ m ^ 
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where W(rj) is the irreducible [/-module with highest weight rj, and r\ m ^ ^ 7] m j for i ^ j. 
For 1 < i < t m we define a p^~-submodule F m ^ of V{n) by 



F m ,i — Vo 



v m -i e w(iKi) eJVm>1 © • • • © 



Then we have the sequence 



r,t r 



It is clear that the above sequence satisfies the conditions (ii) and (iii). 



□ 



For fx G f)| i , we fix the sequence {iq,^, • • • ,F r } of p^~-submodules of V(/j,) satisfying 



the conditions of Lemma 2.4 , and set £ M — n*=i Pn,m 
Theorem 2.5. For // G f)J + we /iciue £ M G H^. 
PROOF. It is clear that U Ri (q) ® Ur (-R/, c ®c -^l) — ^j?j(c + /u). Let ij be the canonical 



injection from U Rl (g) ® Ur (p+) (^. c ©^ ^i) into ^/(s) ^c/ JJ/ (p+) 
that there exists a commutative diagram 



(Ri,c 



We show 



(2.1) 



u Rifo) ®u ai ( P +) (Ri,c®cFi) 
<>j— i—ti 



u Ri (q) 



+) (Ri,c ®c 



M R/ (c + /i) 
M Rl (c + [i) 



by the induction on j. Assume that there exists a commutative diagram (2.1) for j (> 1). 
From the exact sequence 

► U Rl (g) ®u Rl (p+) ( R i,c ®c Fj) U Ri {q) ® Uri(p +) (Ri,c ©c F j+1 ) 

► U Rl (9) ®u Rl ( P +) ( R i,c®c F j+1 /F 3 ) ► 0, 

we have a long exact sequence 

> Rom URi{g) (U Rl (Q)® URi{p + ) (R IiC ® c F j+1 /F j ), M Rl (c + v)) 



> Hom a%(fl) (U Ri (q) ® f / Hj( p+ ) (Ri,c ®c F j+ i), M Rl (c + n)) 

► Rom URi(3) (U Rl (Q) ©ij Kr (p+) (-R/.c ©c Fj), M Rl (c + //)) 

Ext ^ 7 (0) ( Ur '^ ®u Rl (p+) ( R i,c ©c Fj+i/Fj), M Rl (c + //)) 



Since Fj + i/Fj ~ W(f7j)® we have Sip^-i^j) = Pfj,,r/jS(i>j) = by Lemma p^ . Hence there 
exists an element e Hom[/^( g ) \U Rl (g) (g)^ (i?/, c <8>c -fj'+i); Mrj(c + ju)) such that 
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ipj+\ij = p^^jipj- Hence we have the commutative diagram 

UrAs) ®u Rl {p+) ( R i,c ®c Fx) = M Rl (c + n) 

U Ri (Q) ® Ur (p+) (Ri,c «>c Fj) ► M Rl (c + n) 

U Rl (s)® Ul{ (p+){ R l,c®cF j+ x) ► M Rl (c + fJ,). 

In particular ip r Lp = Therefore ^ € S^. □ 

Let ipp be a homomorphism from U Rl (g) ®u R ( p +) (-R/,c to M Rl {c + /x) satisfying 

= £n- Note that is non-zero since £^ ^ 0. 

Remark 2.6. (i) In general £n is not a generator of the ideal 3„. For example let g be a 
simple Lie algebra of type Gi- We take the simple roots a\ and cti such that a\ is short. 
If I = {2} and {i = w\, then we have ^ = (c(/ii) + l)(c(/ii) + 2)(c(/ii) + 3)(2c(/ii) + 5) 
up to constant multiple. But {c(h\) + l)(2c(/ti) + 5) E EL. 

(ii) For 7 = it is shown in Kashiwara J^j that is generated by 

fl(h a )—l 

n n (c(^a)+p(M+i)> 

«ga+ j=o 

where h a is the coroot corresponding to a. 

3 Semi- invariants 

Let A be a dominant integral weight. We regard the dual space V(A)* as a left g-module via 
{xv*,v) = (v*, —xv) for x E g, v* E V(A)* and v E V(A). We denote the lowest weight vector 
of V(A)* by v* x . We normalize v* x by (^,va) = L 

Definition 3.1. We define a regular function f x on G by f x {g) = (v x ,gv\). 

For b E B and g E G we have 

/ A (6^6+) = A-(6-)A + (6+)/ A ( 5 ), 

where A 1 * 1 is the character of B^ corresponding to A. This function / A is called B~ x B + - 
semi-invariant. Note that / A i+ A 2 = / Al / A2 . 

Let fj, E f)/ + - We take a basis {^,j}o<j<n of V(/i) consisting of weight vectors such that 
Vfj,,o = V/j, is the highest weight vector and v^ n is the lowest. We denote the dual basis of 
V{jx)* by {y* j}. For a U Rl (g)-module homomorphism 

$ : EMfl) (p+) Gfyc ®C V(jj)) ► M Rl (c + n) 
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we define elements Y- G Urj (n 7 ) for < j < n by 

® l c ® = 3^' l c+At; 

and define an element £ € H M by £ = ^i^. Note that Yq = £. Let ir : Rj — > U{ s ^ ji < Chi) 
be the algebra isomorphism defined by ir(c(hi)) = hi — fi(hi) for i ^ I. Set 7r(^^ Oj (g> j/j) = 
^ yjvr(aj) for Oj G i?/ and G f7(nj). Clearly we have y<S>l c+M = 7r(y)(g>l c+ ^ G M Rl (c+fi) 
(y G URjinJ)). We set ij = 7r(Yp. We define differential operators -P/^VO and P^,(ip) on G 
by 

(P„tyO¥>)(s) = v^oKRiY^g), 
i=o 

n 

0WV)G?) = ^<<^,^, n )(i?(F>)( 5 ), 
i=o 

where P(y) (y G U(g)) is the left invariant differential operator induced by the right action 
of G on itself. Then we have the following theorem. 

Theorem 3.2. Let n G t)* I+ and^ G Hom c/ ^ (0) (f/ i?/ (g)(g. c/ ^ {p + ) (i? /iC (g)cy(^)),M i?J (c+^)). 
XTien we /iaue 

P M (V0/ A+M = £(A)/ A 

for any A G hj , . Here £ is the element ofE^ defined by £ = tpi^. 

We omit the proof since it is almost identical to the one for g, Theorem 2.1]. 
For a dominant integral weight A we define a function / A on G by 

f X (d) = «,a,S^a), 

where v^ oX is the highest weight vector which is normalized by (i^ ^, woV\) = 1 and wq G 
Nq(T) is a representative element of wq G W = Ng{T)/T. Since f x {wog) = f x (g), we obtain 
the following lemma. 

Lemma 3.3. Let X,fi G f)* + . For any g £ G we have (P^)f x )(w g) = (P^)f x )(g). 



By Theorem 3.2 we have the following corollary. 
Corollary 3.4. Letfiei)* I+ . We have 

W)f x+ » = £(A)/ A 

for any A G h} , . Here £ is the element ofE^ defined by £ = tpi^. 
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fc-1 



(A k+ i-i,k) 
(B n ,l) 
(C n ,n) 
(D n ,l) 



(D n ,n) 



(#6,1) 



(E 7 ,7) 



Fig. 1: Commutative Parabolic Type 



4 Commutative Parabolic Type 

In the remainder of this paper we assume that 

I = Iq\ M 

and that the highest root of q is in aj + Yli^i Q ^>f) a i- Then it is known that [% , % ] = {0} 
and the pairs (Lj,nf) are prehomogeneous vector spaces via the adjoint action, which are 
called of commutative parabolic type. The all pairs (g,io) of commutative parabolic type are 
given by the Dynkin diagrams of Fig. |l|. Here the white vertex corresponds to Iq. 

The pairs (fl,io) such that the corresponding prehomogeneous vector spaces are regular 
are as follows: (A2 n -i,n), (B n , 1), (C n ,n), (D n , 1), (Z?2n 5 2n) and (Ej, 7). Then it is seen that 
woa io = -a io . 

Since n] 7 is identified with the dual space of via the Killing form, the symmetric 
algebra S(nj) is isomorphic to C[tij]. By the commutativity of we have S(nj) = U(nj). 
Hence C[tij] is identified with U(nj). 
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Set 71 = ai . For i > 1 we take the root ji+i as a minimal element in 

Tj = {a G A + \ A/ | a + 7/ A and a-jj^AU {0} for all j < i}. 

Let r = r(g) be the index such that r^g).! / and r r ( g ) = 0. Note that (7i,7j) = for 
i 7^ j. It is known that all 7i have the same length (see Moore ||). Set f)~ = ]Ci=i^7i> 
where ft^ is the coroot corresponding to 7$. For 1 < i < r we set Aj = —(71 + • • • + 7i). Then 
we have the following lemmas. 

Lemma 4.1 (Moore M). For (3 G A + n A/ f/ie restriction (3\u- is as follows. 

(i) (3\u- = 0. T/ien (3 ± 7$ ^ A /or any i. 

(ii) /3|f,- = fir- Then (3±~fi £ A /or any i ^ j. 

(hi) = ^^If,- (j > k). Then 0±ji^A for any i^j,k and [3 + 7,- ^ A. 
Set D = {aj I i G I}. For a subset S of A, 5 , (^ _ ) is defined by 

r 

S(r) = {P G ^Q 7 * I flip = «! r for a G 5}. 
i=l 

Lemma 4.2 (Moore ||], Wachi Q). (i) If(Lj,nf) is regular, then we have 

D(r ) = ~ 7i) I 1 < i < r - 1} U {0} 

A, n A+(fT ) = {\irij -Ji) \l<i<j <r} 



A+ \ Aj(r ) = {o(7i + 7i) I 1 < » < i < 



(ii) If (Li,nf) is not regular, then we have 

= {~(7i+i ~ li) I 1 < i < r - 1} U {-i 7 r} U {0} 
A/ n A+OT) = {^(T? - 7i) I 1 < * < 3 < r} U {--7* I 1 < » < r} 
A+ \ A/(r ) = + 7i) I 1 < % < 3 < r} U {-7* I 1 < » < r}. 



Lemma 4.3. T/ 7 (Li,n~j ) is not regular, then j G / saca i/iai ck^ | f,— = — -£p |^- is unique. 



Proof. Assume that for ji 7^ j'2 we have a,-, = a,-, = — ^ on (] . Let ft 6 f) . Since 



(ctjj + oij 2 ){h) = — 7r(/i), «ji + «j 2 ^ A by Lemma L2. So we have (ay^Ojv,) = 0. Since 



(7 n aj 1 ) > and (7 r + aj^a^) > 0, (3 = j r + aj 1 + ctj 2 G A. In particular (3 G A + \ A/. 
For any 1 < k < r, (/3 — 7fc)(/i) = — 7fc(ft), hence /3 — 7^ G X^ie/^>o a « is n °t a root. Clearly 
/3 + 7fc ^ A. Therefore /3 G r r+ i. But by definition T r+ i = 0. Thus ji = j2- D 
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Lemma 4.4. wiX r 

Proof. Assume that (L/,n^) is regular. Then we have wi(wQWi — zu{ ) = —2wiWi 



2wi . By using Lemma |4.2| we can check X r (hi) = —25i t i easily (see Wachi [11]). Hence 



A r = — 2tUj , and the statement holds. Next we assume that (Lj,x\J ) is not regular. Then 
there exists an index jo G I such that a>j = — as functions on f) _ . By Lemma this 
index j is unique. Similarly to the regular case we have A r = Wj — 2wi . Let j' G I 
such that wiWoai Q = ay . Then we have W[(woWi — Wi ) = roy — 2roj , and we can check 



■j r + o.ai G A by the direct calculation. Hence a.-/ = — \ on \) from Lemma [4. 2| . Therefore 



we have j' = j . □ 



The following fact is known (see @, M, [10Q. 



Lemma 4.5. As an ad(I/) -module, U(rij ) is multiplicity free, and 

where is an irreducible Ij-submodule ofU(nj) with highest weight fi. 

Let fi G C^(n^ ) be the highest weight vector of Since J7(n^) is naturally identified 

with the symmetric algebra S(nj), we can determine the degree of / G U(nj). If / € t/(n^ ) 
is a weight vector with weight fj, G — da.i + Yliei ^<o a ij then / is homogeneous and deg / = d. 
In particular deg/j = i. 

For |U G hj , we take the lowest weight vector Vwq li 

of V(n). Then the (g)-module 
Urj(q) ® £/j? ( p +) (-Rj.c ®c ^ (/■*)) is generated by 1 ® l c ® t>to 0/J . There exists a non-zero 
element G t/^nj) such that ^(1 ® l c ® = ti M ® 1 C+M , where ^ is a £/r 7 (0)- 

module homomorphism defined in Section ||. Since y(l ® l c ® w «j m) = ^ f° r an y 2/ ^ 1/ n n — , 
u n G Urj^J) is a lowest weight vector with weight wofi — n as an ad([/)-module. By Lemma 
4.5 such a lowest weight vector is unique up to constant multiple. Therefore = a^u^ where 



G Ri \ {0} and u° G U(nj) is the unique lowest weight vector with weight uiofi — fi. 

If x(l ® l c ® v m ^) = for x G Urj (q), then we have xu^ ® 1 C+M = since a M 7^ 0. Hence 
we can define a Urj (g)-module homomorphism 0° from Urj(q) ® Ur rp+\ (Ri,c ®c to 
M fl/ (c + /i)by 

V>°(x(l ® l c ® v wolx )) = xu ^ ® l c+ ^ 

for any x G U Ri (q). We set £° = V>°V G 

Conversely, from the uniqueness of we have 

-0(1 ® l c ® v wofl ) = au° ® 1 C+M = a*(/>°(l ® l c ® v wofl ) (a G i?/) 

for any ip G Hom^ ( a ) (U Rl (q) ® Ur ^ p +) (K/, c %^M), Mr x (c + ^)). Therefore we have the 
following. 

Proposition 4.6. Let fi G t)* I+ . We have = 
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We call the above homomorphism ip® the minimal map in this paper. 

Let f r be the lowest weight vector of the irreducible [/-module generated by f r . 

Proposition 4.7. Let \i = mwi G f}/ + - Under the identification exp : ~ Nf we have 

Proof. Let {fj}o<i<n be a basis of V(/x) consisting of weight vectors such that v n has the 
lowest weight Wq/x. We denote the dual basis by {v*}. We define elements Y- G Ur^uJ ) by 

<g> l c <g> «i) = <g> l c+/1 . Set y< = vr(y/) Then we have 

n 
i=0 

For g G iV^ we have (gv*,v n ) = 5j >n . Therefore it is sufficient to show that 
(4.1) R(Y n ) = f?{d) 

By the definition of ifi®, Y n is the lowest weight vector of ad([/)-module U(nJ ) with weight 
wq(jl — [i = m(wovji — w^). By Lemma 4.4 the weight of f r is WQWi ~~ w kv Hence we have 
Y n = f™ up to constant multiple. Since is commutative, we have R(y) = y(d) for any 
y G U(nj). Hence the equation (|4.1|) holds. □ 

For 1 < p < r = r(g) we set 

A+ = {/? G A+ | /3| r = ^pH r for some 1 < j < k < p}. 

By Lemma we have A^ C A + \ A/. We define subspaces of g by = X^£A + fl±y3- 
Set = [ n fo)> n (v>)] an£ i ^(p) = ^ / | g Ql C [(p)}- Then we have the following. 

Lemma 4.8 (see Wallach Q and Wachi pi]). 5e£ = n7\ © © nts. Then g^ is a 
simple subalgebra of g with simple roots {oti } U {a. L \ i G I( p )}, and the pair (0( p ),«o) is of 
regular commutative parabolic type. For any 1 < j < p we have fj G U(n7-.), and f p is a 
basic relative invariant of (L^,v&s), where is the subgroup of Lj corresponding to l( p y 

This fact will be used in the subsequent sections. 



5 Regular Type 

In this section we assume that the prehomogeneous vector space (Li,nf) is regular. We take 
7i, Aj and fi (1 < i < r = r(g)) as in Section ||. Then we have woWi = —Wi Q and the highest 
weight vector f r G U(nj) — C[xit) is the unique basic relative invariant of (Lj,nf) with 
character 2wi Q . In particular f r G U(nj) is also the lowest weight vector as an [/-module. 
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Proposition 5.1. Letb(s) be the b-function of the basic relative invariant of(Li,xij ). Then 
for m € Z>o we have 

C; («*io ) = Ks + m - l)b(s + m - 2) • • • 6(a) 
up to constant multiple. 
Proof. For any I € Lj and n G x\J we have 

/^(ZexpfWir 1 ) = (w zu i0 - rt7 io )(/)/^o(exp(n)) = -2w io {l)f^ (exp(n)). 

Thus / ro '°| n - is the basic relative invariant of (L/,n7) under the identification ~ NJ . 
Hence we have 

f r (d) m f( m+s ^o | = f r {d) m (f m o | n _ ) s + m = 6(s + m - l)6(s + m - 2) • • ■ b(s)f s ^o \ n - . 



From Corollary 3.4 we have 

P (lh° \f(s+m)™ H _ A) / \fsm 



Therefore the statement holds by Proposition 4.7. □ 

In the rest of this section we shall show that = ^ up to constant multiple. 
Lemma 5.2. For any 1 < j < r we have wjjj = 7 r _j+i. 



Proof. By Lemmas 4.1 and [1^ we have 7 r + ^ A for any i £ I, Therefore 7 r is the 
highest weight of the irreducible ad([/)-module n^". Since ai = 71 is the lowest weight of 
nf , wiji = j r . Let 1 < i < [£]. Assume that itf/Tj = 7 r _j + i for 1 < j < i — 1. Since 
j ^i, we have 7 r _ l+ i ± u;j7j = 7 r -i+i ± J r -j+i A U {0}. Hence w/7 r „i + i ± 7, ^ A U {0}, 
and we have wi^ r -i + \ E T^. By definition 73 < iuj7 r _j + i. So we have u>/7i > 7 r -i+i- Let 
us show that wiji < 7 r -i+i- By Lemma [4,2| there exist 7^ and 7/ such that k < I and 
wiji(h) = 7fc + 7 ' (/t) for any /i € fj~. In particular (w/7i,7/) > 0. Now we have (wj-fi,j m ) = 
(^i,wn m ) = (71, 7r- m +i) = for r - i + 2 < m < r. Hence / < r - i + 1. Since (wm, 7;) > 0, 



7z — wi^fi G A U {0}. For h £ I) we have (7; — wiji)(h) = 7 ' 2 7fc (fe). By Lemma 4.2 



7z — w/7i £ A + U {0}. Therefore we have wiji < 7/ < 7r- i+i- □ 
Hence the lowest weight io/A r _i of the irreducible component J(A r _i) of {/(n^) is A r + aj . 
Lemma 5.3. For any 1 < p < r = r(g) we /iaue 

ej / P ® l c +p G U Rl (lj nn~)(/ p _i <g> l c+At ) C M fi/ (c + /i), 
w/iere e io € ai \ {0}. 
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Proof. By Lemma 4.S it is sufficient to show that the statement holds for p = r. We define 
y G U Rl (nj) by 

Since f r is the lowest weight vector of the ad([/)-module U(nj) and [ej , [/ PI n _ ] = {0}, y is 
the lowest weight vector as an ad([/)-module. Moreover the weight of y is \ r + an = wj\ r -i, 
which is the lowest weight of the irreducible component 7(A r _i) = ad(C/(l/))/ r _i. Therefore 
y<g>l c+M g C/ Rj ([;nn-)(/ r -i® 1 C+M ). □ 

Corollary 5.4. Lei it G ^(ti + ) wrei/i weight kcti + *^2 i£l miCti. TTien we /lawe 

u/ r ® 1 C+A , G LT fi/ ([/ nn~)(/ r _fc <g> l c+At ). 

Proof. We shall show the statement by the induction on k. If k = 0, then the statement 
is clear. Assume that k > 0, and the statement holds for k — 1. We write u = ^ ■ Uje^u'^ 
where iij G f/(l;fl n + ) and u'j G J7 (n + ). Then the weight of u'j is in (A; — l)aj + Y^iel ^>o a ii 
and hence we have 

uf r ® 1 C+A » G ^ tij-ejQ t7fi 7 (If n n~) (/r-fc+i ® 1 c +m) C L r _ R/ ([/)(e io / r ._A,. + i ® 1 C + M ). 



Here note that [e^ , Ur x (Ii fin )] = 0. By Lemma 5J3 we have 

e io f r _ k+ i ® 1 C+M G JTrj. ([/ n tC)(f r -. k ® 1 C+M ). 

Therefore we obtain 

u/ r (g) 1 C+M G U Rl (li)(f r - k (g> 1 C+M ) = t/fi^If n n")(/ r _ fc <g> l c+/Lt ). 

□ 

Theorem 5.5. ^e have ^ = rii=iP^ ,A 3 -+w io G C x £^ v wftere C x = C \ {0}. 

Proof. Let f_ roiQ be the lowest weight vector of V(zui ). Since f r is the lowest weight vector 
of U(nJ) with weight — 2wo, we have ^.^(1 (g> l c <g> ^-ro, ) = /r ® l c + roiQ . It is clear that 

tUj - lOo^io = 2ro io = — A r G ra !0 + Z> aj. 

ief 

Set P(j) = {A | OTj — A G jai + X)ief ^>o a i}- We define an [/-submodule Vj of V(wi Q ) by 

y i= V{wiQ ) x 

(cf. Section |2|). Note that Vj ^ for < j < r. We take the irreducible decomposition of Vj 

Vj = W{ mil )®---®W{ mj ), 
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where W(rj) is an irreducible (/-module with highest weight rj. Let Vj^ be the highest weight 
vector of W(rjj t k)- There exists an element Uj± G U(n + ) such that Uj t kV~ m = Vj t i~. Then 



the weight of Ujk is in (r — j)oti + Yliei^to^- By Corollary 5A we have 

^ (1 ® lc® = ^>^ (1 ® lc®f- ra , ) = «i,fc/ r ® l c+roi0 G U Rl (li nn")/j (8) l c + ro , o . 

Since jt is the highest weight vector, we have 

^ (1 ® lc ® «i,fc) G l c+roi0 ). 

In particular rjj^ = Xj + Wi , and the irreducible decomposition of V(wi ) as an [/-module 
is given by 

3=0 

where we set Ao = 0. Therefore we have = Y\j = i Pm > which is regarded as a 

polynomial function on Cwi . Since degp ro4nj A,+ro in = 1 for j > 1, we have deg£ c 



, ,^j-ri*/, j — ' - --o-»u/,q 

Now we have deg^ = deg6(s) = deg/ r = r. From Proposition L6 we have £ roin € C x £^ 



o 



hence the statement holds. □ 

For 1 < i < j < r we set Cjj = (J{a G A/ n A + | aL- = 7j ~ 7 ' 1^-}. It is known that 
Qj = (J{« G A + \ A/ | a\h- = 77 ^" 7l | } and this number is independent of i or j (see fl3| ). 
Set co = Cij. Then we have (2p, 7j) = cfo(l + co(j — 1)), where do = (ai ,a« ). In particular 
(2/9, A,) = -jdo(l + ^-co). Since (7^ 7,) = t^-do, we have (w io ,Tu io ) = (Xj + w io ,Xj + ccj ) 
for 1 < j < r. Hence we have 

j - I 

Pw^Aj+wi,, («J7»o) = -2(sroio + P. A j) = i^o(s + 1 + — co)- 

6 Non-regular Type 

Assume that the prehomogeneous vector space (Lj,nf) is not regular. We take 7,, Aj and 
/« (1 < i < r = r(g)) as in Section f|. For \i = mwi G F)J + we denote by the highest 
weight vector of the irreducible [/-submodule of V{(jl) generated by the lowest weight vector 
of V(n). The weight of is wjfi. We take u £ Ujijinj) as ^>„(1 <8> l c ® ^) = u <8> l c +/t- By 
definition of V'JJ we have u G [/(n^ ). Moreover u is the highest weight vector of U(x\~^ ) with 



weight wiWqh — fi = wi{wqH — /u). By Lemma L4 we have u>i(wofi — fi) = mX r . Therefore 



we have u = f™. Set £® = ip^i^ G Ri. 

We define subalgebras 0( r ), t( r ) and x\.,s of g as in Lemma 15. We set p + = [( r ) ©tx?\. We 
denote by V(fx) the irreducible g(, r )-module with highest weight fx. Let Iq be an index set of 
simple roots of jj( r ), that is, Iq = Ir r \ U {zq} (see Lemma |4,8| ). We set I = Ii r ) and g = g( r ) 
for simplicity. Let R be an enveloping algebra of Ylief C^i/X^ej^i- Since we have the 
canonical identification i?/ ~ R, a C//^ (g)-submodule 

M(c + /u) = CZ/j^g) ®c/ fl/ (p+) i?/, c+A1 
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of Mrj(c + n) is a generalized universal Verma module associated with q. We define an 
element £2 of R ~ i?/ by the multiplication map on M(c + /i) induced by the minimal map 

V? : U Ri (q) ®u Rl (p+) (Ri,c ®c V(ji)) M(c + n). 
Then we have the following. 

PROPOSITION 6.1. (i) Under the identification R ~ Ri we have £° = |° for /i £ f)| + . 

Proof. (i) We have U(q)Vh ~ ^(m), and is its lowest weight vector. Since we have 
V>°(1 <g> l c <g> = / r m <8> lc+ju, the restriction V>° on ^(fl) ®u Rl (p+) (Ri,c ®C ^(fl)*v) 
is Hence we have £° <g> 1 C+M = ^°(1 ® l c ® u M ) = $°(1 ® l c <g> u M ) = |° <g> l c+/i . 

(ii) Since the pair (g, zq) is of regular type, we have deg^ = r (see the proof of Theorem 



|5.5| ). Similarly to the proof of Theorem 5J3 we can show that deg£ roio = r. By (|) we 

havedegf", = degf Wio . Since ~ roiQ = Ri^% iQ and^ lQ 6 H roiQ , we have ^ 6 C*^ . 

□ 

As a result, we have the following. 

Theorem 6.2. For any pair (fl,io) of commutative parabolic type , the idea\E Wi is generated 
by £m n ■ 



7 Irreducibility of Verma Modules 

Let (Lj,nj) be a prehomogeneous vector space of commutative parabolic type. Set {io} = 
Iq \ I. In this section we give a new proof of the following well-known fact (Suga Q, Gyoja 
§, Wachi 0). 

Theorem 7.1. Let A = SQWi G f)}. M/(A) is irreducible if and only if £^ (A — mwi ) ^ 
/or any m £ Z>o- 

We take /j € ) (1 — * — r = r (fl)) as m Section f|. 

Lemma 7.2. Lei e~ 6e a nonzero element of Q_ a .. There exist yo,yi,... ,yt £ tl7,N and 
ii, . . . , it £ I( r ) swc/t i/toi 

« 

(7-1) /r = ^Ufead(e J " fc • • • e£)/ P _i, 

fc=0 

and ad(e^)/ r _i = /or k > 2. 

This lemma is proved by direct calculations for each case. In [|| there are explicit decom- 
positions of quantum counterparts f q>r of f r satisfying the properties of Lemma [7^. We can 
get the decomposition ( |7.1| ) from the quantum counterpart via q = 1. For example, in the 
case of type A, f r is a determinant and the decomposition ( |7.lD corresponds to a cofactor 
decomposition. 
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Proposition 7.3. Let en G Z>o and let o^+i,... , a r G Z>o- There exists u G ?7(n ) suc/i 
that 

uftf^Y ■ ■ ■ f? r ® ia = • • • /" r ® ia. 

Proof. By Lemmas ^ and [T2| we have 

i 

fi+i = ^yk&d(uk)fi, 

k=0 

where y k G n^ +1) and u fc = e~ ■ ■ ■ e~ such that ji, . . . , j t G J( i+1 ) and ad(e^)/j = for I > 1. 
Note that for p > i we have yk G ti7s and jf. G I( p ). Since f p is the lowest weight vector of 
an ad([( p ))-module £7(tl7A we have 

adKx/^r • • • in = (ad(u fc )/^)/^r • • • 

If fc > 1, then we have 

ad(u*)(/?*) = a, ad(eT fc . . . ^((ad^/Oif " X ) 
= Oj (ad(u fc )/i)/f I_1 . 

Hence for u = yo + a*" Yl\=i UkUk, we have 

uftCY ■ ■ ■ f? r ® Ia = yo/r/f;r -/r®lA + E ^(adK)^)^- 1 /^ 1 • • • ® U 

fc=i 

= /T i " 1 4S 1+1 ---/r ar ®lA. 

□ 



Corollary 7.4. lei 0) be a submodule of M/(A) /or A G f)|. We /iowe /™M/(A) C if 
/or n>0. 

PROOF. If K = M/(A), then the statement is clear. Assume that {0} ^ K C M/(A). By 
Lemma 4.5 any highest weight vector of M/(A) as an [/-module is given by the following 
form: 

/r---/r®iA- 

Since K has the highest weight vector as an [/-module, there exists an element f^ 1 ■ ■ ■ f^ r <g) 
Ia G K such that (oi, . . . , a r ) ^ 0. By Proposition ^ for n > there exists u G U(n~) 
such that 

f? ® 1 A = u(A 01 • • • / r a " ® Ia) G K 
Hence for any y G f(tvj) we have 

f?(y ® 1 A ) = yf? 1 A G K, 
and the statement holds. □ 
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Let us prove Theorem 7.1 by using the commutative diagram 

= M Rl {c + ii) 

(7.2) 1 ' 



M Rl (c + n) 



</■!; 



M Rl (c + n), 



where \x G h| ,. 

Set A = s§vji Q . We denote the highest weight vector of V(/x) by u^. Let ?) M be the 
highest weight vector of the irreducible [/-module generated by the lowest weight vector of 
5-module V{p). For a positive integer m, we set [i = fx m = mwi . Considering the functor 
C <8>_r 7 ( • ), where C has the -Rf-module structure via c(/ij)l = (A — fj,)(hi), we obtain the 
following commutative diagram from ( |7.2[ ): 

M/(A) 

M 7 (A), 



M/(A) 



1b 



where t TO (l <g> 1 A ) = 1 <g) 1 A _ M ® v M and ^° t (l <g) 1 A _ M ® 5 M ) = / r m <g> 1 A . 

Assume that M/(A) is irreducible. Since i)° m ^ 0, we have Iim/^ = Afj(A). The weight 
space of U(q) ®mp+) ®c V(aO) with weight A is C(l (g> 1 A _^ ® v^), hence there exists 

a G C \ {0} such that 

1 <8> 1 A = O ® lx-f, ® Vp) = a^L m (l <g> 1 A ) = a£°(A -f()8l^0. 

By Propositions |5.l| and |6.l| we have 

OA - V) = C l0 (A - w lo )C l0 (A - 2w i0 ) ■ ■ ■ e mo (A - mw l0 ). 

Therefore we have — mwi Q ) ^ for any m G Z>o. 

Conversely, we assume that £^ (A — mzui ) ^ for any m G Z>o- We set 

JV(m) =U(s) ® uip +) (C/, A - Mm ®c ^Om))- 

Since CJ A - Mm) = Ci (A - roi )^. o (A - 2ro l0 ) • • -^ o (A - ma7 io ) ^ 0, we have 

^(£° m (A " Mm)" 1 ® lA- Mm ® <VJ = £° m (A " / U m )- 1 ^^m(l ® 1a) 

= 1®1 A . 

Hence is surjective, and we have an isomorphism 

iV(m)/Ker< ~ M X (A) : 1 l A _ Mm ^ m ^ /™ ® 1 A 
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for any m. Under this identification we have 



1 ® l A _ Mn+1 ® V+i = /r ® lA = T (/r ® U) = /r" 1 ® U-w ® V- 

Let K ^ be a submodule of M/(A). By Corollary |7.4| for ra>0we have 



1 ® 1a-^„ +1 ® *Wi = /" 1 ® 1a- w ® «w € K 

Hence we have 

Mj(A) = iV(n + 1)/Ker^° +1 

= C/(g)l0l A _ Mn+1 ®^ n+1 c K. 



Therefore -fT = Mj(X), and M/(A) is irreducible. We complete the proof of Theorem 7.1 
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